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LOW DEGREE HODGE THEORY FOR KLT VARIETIES
MARTIN SCHWALD
Abstract. If X is a complex projective variety with klt singularities, then
the mixed Hodge structures on the first two singular cohomology groups are
pure. We describe the pieces of the Hodge decomposition in terms of reflexive
differential forms. Applications include a Lefschetz (1, 1) Theorem and a weak
analogue of the Hodge-Riemann bilinear relations for klt varieties.
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1. Introduction
1.1. Main results. For a singular, complex projective variety X , Deligne con-
structed mixed Hodge structures on the singular cohomology groups Hp(X, C),
[Del71]. Kirschner showed that the Hodge structure on H2(X, C) is pure when X
has rational singularities, [Kir15, Corollary B.2.8]. When X is klt, we describe the
relevant pieces of the Hodge decomposition in terms of reflexive differential forms
Ω
[p]
X , the definition of which we recall in 2.1.
Theorem 1 (Structure of H1(X, C) and H2(X, C), see Theorem 7 for details). If
X is a complex projective variety with at most klt singularities, then for p = 1, 2 the
Hodge structure Hp(X, C) is pure of weight p and there are canonical isomorphisms
κp0 : H
p,0(X)→ H0(X, Ω
[p]
X ) and κ0p : H
0,p(X)→ Hp(X, OX).
We give two applications of this result. In Theorem 8 we prove a Lefschetz (1, 1)
Theorem for the H1,1(X) part. This means that the integral points in H1,1(X) are
precisely the first Chern classes of line bundles on X . Furthermore, we prove in
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Corollary 16 an analogue of the Hodge-Riemann bilinear relations for klt varieties,
in the special case where only forms of degree one and two are involved.
1.2. Further applications to symplectic varieties. In a further paper we
apply the results found here to holomorphic symplectic varieties, which au-
tomatically have canonical singularities. There we show that the generalized
Beauville-Bogomolov form on an irreducible symplectic variety X has the index
(3, 0, b2(X)− 3), like in the smooth case. As a corollary, every non-trivial fibration
of an irreducible symplectic variety X onto a normal, complex projective variety
B is up to Stein factorization a Lagrangian fibration with dimB = 12 dimX and
Picard number ρ(B) = 1.
1.3. Acknowledgement. The author wants to thank his supervisor Prof.Kebekus
for his advice and many fruitful discussions.
2. Differential forms and Extension Theorem
2.1. Holomorphic, torsion-free and reflexive differential forms. Let X be
a complex variety, not necessarily irreducible. We denote the sheaf of Ka¨hler dif-
ferentials by Ω1X . The sheaves of holomorphic differential forms are the exterior
powers ΩpX
..=
∧pΩ1X with the convention Ω0X ..= OX .
Denoting with MX the sheaf of rational functions on X , we call the kernel of
the natural map ΩpX→Ω
p
X ⊗OX MX the torsion subsheaf, torΩ
p
X . For the quotient
we use the notation ΩˇpX
..= Ω
p
X/torΩpX . By slight abuse of language, we call Ωˇ
p
X the
sheaf of torsion-free differential forms, cf. [Keb13, II].
Reflexive differential forms are holomorphic p-forms on the smooth locus Xreg
of a variety X . We notate the associated sheaf on X as Ω
[p]
X and get
Ω
[p]
X = (Ω
p
X)
∗∗ = i∗Ω
p
Xreg
,
H0(X, Ω
[p]
X )
∼= H0(Xreg, Ω
p
Xreg
),
where i : Xreg →֒ X is the inclusion. See [Har80] for a reference on reflexive sheaves
and [GKKP11, I–III], [KP16, I] for more information on reflexive differential forms.
2.2. Extension Theorem for reflexive differential forms. The extension the-
orem for differential forms [GKKP11, Theorem 1.4] shows that on a klt variety X
any reflexive form α ∈ H0(X, Ω
[p]
X ) can be extended to any resolution of singular-
ities. This allows us to construct pullbacks of reflexive forms along more general
morphisms.
Theorem 2 (Pullbacks of reflexive forms, [Keb13, Theorem 1.3]). Let f : Y →X
be a morphism between normal, complex projective varieties. Assume that there is
a Weil divisor D on X, such that (X,D) is klt. Then there is a natural pullback
morphism f∗Ω
[p]
X →Ω
[p]
Y , consistent with the natural pullback of Ka¨hler differentials
on Xreg. 
The consistency with the natural pullback of Ka¨hler differentials is made precise
in [Keb13, Theorem 5.2]. We will only consider the case when f : Y →X is sur-
jective, for example a birational morphism. Then this consistency means that the
pullback morphism f∗Ω
[p]
X →Ω
[p]
Y agrees with the usual pullback of Ka¨hler differen-
tials whereverX and Y are smooth. In other words, for every α ∈ H0(X, Ω
[p]
X ) there
is an α˜ ∈ H0(Y, Ω
[p]
Y ) that coincides with f
∗(α
∣∣
Xreg
), seen as a Ka¨hler differential
on Yreg∩f
−1(Xreg). We call α˜ an extension of α to Y . Pulling back reflexive forms
is contravariantly functorial with respect to f .
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3. Hodge Theory for klt singularities
3.1. Cohomology of fibers. As a preparation for the proof of Theorem 1, we
mention a consequence of a triangulation theorem of  Lojasiewitcz. It is frequently
used in the literature, but the author does not know of a convenient reference.
Moreover, we will need results about differential forms on the fibers of a resolution
of a variety with klt singularities.
Theorem 3. Let ν : X˜→X be a resolution of a compact, complex variety X.
Then every point p ∈ X has a basis of analytical neighborhoods (Ui)i, such that
the fiber E ..= ν−1(p) is a deformation retract of each ν−1(Ui). Thus for any
k ∈ Z the restrictions Hk
(
ν−1(Ui), Z
) ∼
−→ Hk(E, Z) are isomorphisms and we get
(Rkν∗Z)p ∼= H
k(E, Z).
Proof. Consider any semi-analytic neighborhood U of p and V ..= ν−1(U).
 Lojasiewitcz’s result [ Loj64, Theorem 4] applied to the semi-analytic subsets E
and V of the smooth manifold X˜ gives a locally finite triangulation of V , such that
E is a subcomplex. Then [Hat02, Proposition A.5] gives a deformation retraction
from any sufficiently small analytical neighbourhood V ′ of E to the fiber E. As
X˜ is compact, we can choose a basis of these neighbourhoods of the form ν−1(Ui)
with the (Ui)i a basis of analytical neighborhoods of p.
As deformation retractions are homotopies, we get
Hk
(
ν−1(Ui), Z
) ∼
−→ Hk(E, Z) for any k ∈ Z. Recall from [Har77, Proposi-
tion III.8.1] that the stalks (Rkν∗Z)p can be calculated as limU H
k(ν−1(U), Z),
where the limit is taken over all analytic neighborhoods U of p, which gives
(Rkν∗Z)p ∼= H
k(E, Z). 
Theorem 4 (Torsion-free differential forms on fibers, [Keb13, Theorem 4.1],
[HM07]). Let X be a complex variety with at most klt singularities. We take any
resolution ν : X˜→X. Let E be the reduction of a fiber of ν. Then there are no global
torsion-free differential forms on E. In other words H0(E, ΩˇpE) = 0 for p > 0. 
Previously, Namikawa proved in [Nam01, Lemma 1.2] a similar statement for X
with rational singularities, but only with the assumption that E is an snc fiber. The
proof of Theorem 4 uses that by [HM07] every fiber E is rationally chain connected.
Hence E supports only torsion differential forms.
Lemma 5. Let X be a complex projective klt variety. Consider a resolution
ν : X˜→X and E the reduction of any fiber of ν. Assume that E has only smooth
components. Then for every p > 0 the restriction F pHp(X˜, C)→F pHp(E, C) is
the zero map, where F • denotes the Hodge filtration.
Proof. Let E =
⋃r
i=1 Ei be the decomposition of E into its smooth, irreducible
components and denote Ek ..=
⋃k
i=1Ei for all k. The restriction of singular coho-
mology classes Hp(X˜, C)→Hp(Ek, C) is a morphism of mixed Hodge structures,
which restricts to a morphism between the F p-parts. To prove the Lemma we
inductively show that F pHp(X˜, C)→F pHp(Ek, C) is the zero map for any k.
Proof that F pHp(X˜, C)→F pHp(Ei, C) is zero for all i. As X˜ and all
components Ei are smooth, we have F
pHp(X˜, C) = H0(X˜, Ωp
X˜
) and
F pHp(Ei, C) = H
0(Ei, Ω
p
Ei
). Furthermore, all holomorphic p-forms on X˜ and on
the Ei are torsion-free. Hence we get by [Keb13, Proposition A.6] the following
commutative diagram.
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H0(X˜, Ωˇp
X˜
) H0(E, ΩˇpE) H
0(Ei, Ωˇ
p
Ei
)
H0(X˜, Ωp
X˜
) H0(E, ΩpE) H
0(Ei, Ω
p
Ei
)
≀ ≀
Here, the horizontal maps are restriction maps and the vertical maps quo-
tient out torsion diffential forms. By Theorem 4 we have H0(E, ΩˇpE) = 0, so
H0(X˜, Ωp
X˜
)→H0(Ei, Ω
p
Ei
) is the zero map.
Proof that F pHp(X˜, C)→F pHp(Ek+1, C) is zero for any k ∈ {1, . . . , r − 1}. We
use the standard Mayer-Vietoris sequence, [Hat02, page 203].
· · ·→Hp−1(Ek ∩ Ek+1,C)→H
p(Ek ∪ Ek+1︸ ︷︷ ︸
=Ek+1
,C)→Hp(Ek, C)⊕Hp(Ek+1, C)→· · ·
This is an exact sequence of mixed Hodge structures, hence we can restrict it to
the F p-part of the Hodge filtration. We have F pHp−1(Ek ∩ Ek+1,C) = 0 by the
definition of the mixed Hodge structure on a complex projective variety. This
gives us the inclusion F pHp(Ek+1, C) →֒ F pHp(Ek, C)⊕ F pHp(Ek+1, C), which
is, up to sign, the sum of the two restrictions F pHp(Ek+1, C)→F pHp(Ek, C) and
F pHp(Ek+1, C)→F pHp(Ek+1, C). Hence we get the following commutative dia-
gram.
F pHp(X˜, C) F pH
p(Ek+1) F pHp(Ek, C)⊕ F pHp(Ek+1, C)
F pHp(Ek, C)
F pHp(Ek+1, C)
0
0
As the diagonal maps are zero by the induction hypothesis, the map
F pHp(X˜, C)→F pHp(Ek+1) is also the zero map. This completes the proof. 
To make use of the preceding Lemma 5, we need to make sure that we can always
find a resolution fulfilling the needed assumption on the fibers. This is a variation
of the frequently used strong resolution of singularities from [Kol07, Theorem 3.35].
Lemma 6 (Resolution of singularities with nice fibers). Let X be a complex pro-
jective variety. Then there is a resolution of singularities ν : X˜→X, given as a
sequence of blowups of smooth centers over the singular locus Xsing, such that the
reduction of every fiber of ν has only smooth components.
Proof. Let f : Y →X be any resolution of singularities. We write Z(f) ⊂ X for the
Zariski closure of the locus of points x ∈ X , for which their reduced fiber f−1(x)red
has a singular component. We notate the preimage as E(f) ..= f−1
(
Z(f)
)
.
Starting with an arbitrary resolution f : Y →X , we want to modify it to shrink
Z(f), until we eventually obtain Z(f) = ∅. For this we choose by [Kol07, Theo-
rem 3.35] an embedded resolution g : Y ′→Y of E(f) ⊂ Y by blowing up smooth
centers over E(f). This is a birational morphism g from a smooth variety Y ′, such
that the preimage E ..= g−1
(
E(f)
)
is an snc divisor and g is an isomorphism over
Y \ E(f).
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We consider the resolution f ′ ..= f ◦g of X . The fibers of f ′ over points x ∈ Z(f)
are contained in the subvariety E ⊂ Y ′. All irreducible components of E are smooth
by construction of g and we denote them as Ei. Morphisms from smooth complex
varieties are by [Har77, Corollary 10.7] generically smooth. Thus we find open
subsets Ui ⊂ Z(f) such that f
′
∣∣
Ei
is smooth over Ui and the intersection
⋂
i Ui is
a non-empty open subset of Z(f). Therefore the reduction of every fiber of f ′
∣∣
E
over
⋂
i Ui has only smooth components. The reductions of fibers of f
′ over points
x ∈ X \ Z(f) have smooth components by the assumptions on f and g. Hence
Z(f ′) is a proper closed subset of Z(f).
We can replace the resolution (Y, f) by (Y ′, f ′) and repeat this step, until we
eventually obtain Z(f) = ∅. This terminates because the Zariski topology on X is
Noetherian. We conclude that there is a resolution ν : X˜→X with Z(ν) = ∅. 
3.2. The Hodge decompositions of H1(X, C) and H2(X, C). In this section
we prove Theorem 1 in a similar way to [Kir15, B.2.4–B.2.9]. We take a resolution
ν : X˜→X and calculate the low degree terms of the Leray spectral sequence for
ν and the constant sheaf C on X˜ . More precisely, we prove in Theorem 7 a more
detailed version of Theorem 1, which contains also more information on the maps
ν∗ : Hp(X, C)→Hp(X˜, C) for p = 1, 2.
Theorem 7 (Structure of H1(X, C) and H2(X, C)). Let X be a complex, projective
variety with at most klt singularities and let ν : X˜→X be a resolution of singulari-
ties. Then for p = 1, 2 the pullback ν∗ : Hp(X, C)→Hp(X˜, C) is a monomorphism
of mixed Hodge structures and the mixed Hodge structure on Hp(X, C) is pure of
weight p. Hence ν∗ induces injective pullback maps
ν∗ab : H
a,b(X)→ Ha,b(X˜) for a+ b = p,
where the morphisms ν∗p0 and ν
∗
0p are isomorphisms. There are canonical isomor-
phisms κp0 : H
p,0(X)
∼
−→ H0(X, Ω
[p]
X ) and κ0p : H
0,p(X)
∼
−→ Hp(X, OX) that com-
mute with the natural pullback morphisms and the Dolbeault isomorphisms δp0, δ0p.
Hp,0(X) H0(X, Ω
[p]
X )
Hp,0(X˜) H
0(X˜, Ωp
X˜
)
∼
κp0
∼
δp0
ν∗p0 ≀ ext ≀
H0,p(X) H
p(X, OX)
H0,p(X˜) H
p(X˜, O
X˜
)
∼
κ0p
∼
δ0p
ν∗0p ≀ ν∗ ≀
Proof. We proceed in five steps:
(1) Calculate the low degree terms of the Leray spectral sequence for ν : X˜→X
and the constant sheaf C on X˜.
(2) Prove the bijectivity of ν∗ : H1(X, C)→H1(X˜, C), the injectivity of
ν∗ : H2(X, C)→H2(X˜, C) and the purity of the Hodge structures on
H1(X, C) and H2(X, C).
(3) Prove the surjectivity of the restrictions ν∗20 and ν
∗
02 of the map
ν∗ : H2(X, C)→H2(X˜, C), assuming that all reductions of fibers of ν have
only smooth components.
(4) Prove the surjectivity of ν∗20 and ν
∗
02 in general.
(5) Calculate Hp,0(X), H0,p(X) and construct the canonical isomorphisms
κp0, κ0p for p = 1, 2.
Step (1). The Leray spectral sequence of the constant sheaf C on X˜ is
Epq2
..= Hp(X, Rqν∗C)⇒H
p+q(X˜, C).
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Pushing forward the exponential exact sequence gives the exact sequence
ν∗OX˜ ν∗O
×
X˜
R1ν∗Z R
1ν∗O
X˜
= 0.
exp 0
As the fibers are connected, the first map is induced by the exponential map
OX→O
×
X , which is surjective, so the second map is the zero map. This shows
that R1ν∗Z injects into R
1ν∗OX˜ and hence has to vanish, as klt singularities are
rational, [KM98, Theorem 5.22]. Therefore R1ν∗C = 0 and the first terms of the
second page (E2, d2) are:
E002 E
10
2 E
20
2
E012 E
11
2 E
21
2
E022
d2
d2
H0(X, C) H1(X, C) H2(X, C)
0 0 0
H0(X, R2ν∗C)
d2
d2
The entries (0, 0), (1, 0), (2, 0) and the second row degenerate at the second
page. We see E023
∼= E022 = H
0(X, R2ν∗C) and the entry (0, 2) degenerates at the
fourth page with E024 = ker
(
d3 : E
02
2 →H
3(X, C)
)
⊂ H0(X, R2ν∗C), which shows
H2(X˜, C) ∼= H2(X, C)⊕ E024 . This gives the following exact sequence.
(1)
0 H1(X, C) H1(X˜, C) H0(X, R1ν∗C)
H2(X, C) H2(X˜, C) H0(X, R2ν∗C)
ν∗ pi01
d2
ν∗ pi02
Step (2). As H0(X, R1ν∗C) vanishes, sequence (1) shows that
ν∗ : H1(X, C)→H1(X˜, C) is an isomorphism and ν∗ : H2(X, C)→H2(X˜, C)
is injective. They are also morphisms of mixed Hodge structures, which by Deligne
are always strict with respect to both filtrations, cf. [GS75, Lemma 1.13]. Thus
both maps ν∗ induce also in any weight monomorphisms of pure Hodge structures.
As the mixed Hodge structure on Hp(X˜, C) is pure of weight p, the same is true
for Hp(X, C) for p = 1, 2.
Step (3). We want to prove that the restriction ν∗20 : H
2,0(X)→H2,0(X˜) of
ν∗ : H2(X, C)→H2(X˜, C) is surjective. By the exact sequence (1) it is enough
to show that π02 is the zero map on the subspace H
2,0(X˜) = F 2H2(X˜, C). First of
all, to be able to apply Lemma 5 later, we assume that all reductions of fibers of ν
have only smooth components.
To calculate π02, we choose by Theorem 3 open coverings U = (Ui)i
of X and V ..= (Vi)i ..=
(
ν−1(Ui)
)
i
of X˜ , such that for each i we have
H0(Ui, R
2ν∗C) ∼= H
2(Ei, C) for a fiber Ei of ν over a point in Ui. By choosing
the Ui to be contractible and an acyclic covering of X , we can calculate π02 via
Cˇech cohomology as the following composition.
H2(X˜, C)
∏
iH
2(Ei, C)
∏
iH
0(Ui, R
2ν∗C) Hˇ
0
(X, U , R2ν∗C)
H0(X, R2ν∗C)γ
(γ
∣∣
Ei
)i
∼
≀
pi02
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By assumption, all components of the reduced fibers (Ei)red are smooth. As the
restrictions H2(X˜, C)→H2(Ei, C) are morphisms of Hodge structures, they restrict
to maps F 2H2(X˜, C)→F 2H2(Ei, C) that vanish by Lemma 5. We see that the
restriction of π02 to H
2,0(X˜) factors through the zero map and hence is the zero
map itself. We conclude that ν∗20 is surjective. By Hodge symmetry the same holds
for ν∗02.
Step (4). We use Lemma 6 to blow up smooth centers over X˜, until we get a
ν˜ : X ′→ X˜ , whereX ′ is smooth and the reductions of all fibers of µ ..= ν◦ν˜ : X ′→X
have only smooth components.
By part (1) pulling back with µ, ν, ν˜ on the H2,0 parts gives injections
µ∗20 : H
2,0(X) H2,0(X˜) H2,0(X ′).
ν∗20 ν˜
∗
20
The map µ∗20 is surjective by part (3), hence also ν
∗
20. The surjectivity of ν
∗
02 follows
analogously.
Step (5). As X is normal, we have ν∗OX˜
∼= OX by Zariski’s Main Theo-
rem, [Har77, Corollary 11.4]. As klt singularities are rational, the Leray spec-
tral sequence for ν : X˜→X and O
X˜
degenerates on E2 with zeros away from
the row Ep02 = H
p(X, ν∗OX˜). This gives us ν
∗ : Hp(X, ν∗OX˜)
∼
−→ Hp(X˜, O
X˜
)
for all p, cf. [Har77, III ex. 8.1]. We also have the isomorphisms
ext : H0(X, Ω
[p]
X )
∼
−→ H0(X˜, Ωp
X˜
) from the extension theorem and the Dolbeault
isomorphisms δp0 : H
0(X˜, Ωp
X˜
)
∼
−→ Hp,0(X˜), δ0p : H
0(X˜, O
X˜
)
∼
−→ H0,p(X˜). Hence
we can define for p = 1, 2 canonical isomorphisms κp0 and κ0p as compositions of
these isomorphisms.
κp0 : H
0(X, Ω
[p]
X ) H
0(X˜, Ωp
X˜
) Hp,0(X˜) Hp,0(X)
κ0p : H
p(X, OX) H
p(X˜, O
X˜
) H0,p(X˜) H0,p(X)
ext δp0 (ν
∗
p0)
−1
ν∗ δ0p (ν
∗
0p)
−1

3.3. Lefschetz (1,1) Theorem for klt singularities. The classical Lefschetz
(1, 1) Theorem is usually stated for smooth, complex projective varieties, see for
example [GH94, page 163–164]. In [BS00, Theorem 1.1] there is a Lefschetz (1, 1)
Theorem for any normal, complex projective variety. We give a short proof of
the theorem for klt varieties, where we do not need to work with mixed Hodge
structures by Theorem 7.
Theorem 8 (Lefschetz (1,1) Theorem for klt singularities). Let X be a complex
projective variety with at most klt singularities. The integral points in H1,1(X)
are exactly the first Chern classes of line bundles on X. In other words, for the
canonical map ι : H2(X, Z)→H2(X, C) we get
H1,1(X) ∩ img ι = img
(
c1 : Pic(X)→H
2(X, Z)
)
.
Proof. We take a resolution ν : X˜→X and consider the canonical maps
ι : H2(X, Z)→H2(X, C), ι˜ : H2(X˜, Z)→H2(X˜, C) that extend the scalars. As
ν∗ : H2(X, C)→H2(X˜, C) preserves the Hodge decomposition, we get for any
class α ∈ H1,1(X) ∩ img ι that ν∗α ∈ H1,1(X˜) ∩ img ι˜. Using the classical Lefschetz
(1, 1)-Theorem, we can write ν∗α = c1(L) for a line bundle L on X˜ .
Let F = ν−1(p) be the reduction of any fiber of ν. Using the commutativity of
the diagrams
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{p} X
F X˜
j
i
ν
∣∣
F
ν
H2({p}, C) H2(X, C)
H2(F, C) H2(X˜, C)
j∗
i∗
(
ν
∣∣
F
)
∗
ν∗
we can calculate in H2(F, C):
c1(L
∣∣
F
) = c1(i
∗L) = i∗c1(L) = i
∗ν∗α =
(
ν
∣∣
F
)∗
j∗α = 0,
because j∗α ∈ H2({p}, C) = 0.
We have Riν∗OX˜ = 0 for all i > 0, because X has rational singularities. Hence
the exponential sequence yields an isomorphism c1 : R
1ν∗O
×
X˜
∼
−→ R2ν∗Z, induced
by the first Chern class. Restricting L to analytic neighborhoods V of F gives a
germ in the stalks of these sheaves,(
R1ν∗O
×
X˜
)
p
= lim
V
H1(V, O×V ) = limV
Pic(V )→ lim
V
H2(V, Z) = (R2ν∗Z)p(
L
∣∣
V
)
V
7→
(
c1(L
∣∣
V
)
)
V
where the limits are taken over all V ..= ν−1(U) for open analytic neighborhoods
U of p. Theorem 3 yields arbitrarily small analytic neighborhoods U of p, such
that the restrictions H2(ν−1(U), Z)
∼
−→ H2(F, Z) are isomorphisms. As c1
(
L
∣∣
F
)
is trivial, the germ on the right hand side is trivial. Since c1 is an isomorphism
on germs, the left hand side has to be trivial as well. In other words, there is a
V = ν−1(U) for an analytic neighborhood U of p, such that L
∣∣
V
∼= OV is trivial.
As the fibers are compact, the transition functions of L are constant on
the fibers. Consequently, the coherent sheaf L′ ..= ν∗L is locally free with
the same transition functions as L. As ν is generically of degree one, we get
ν∗ν∗L = L. This gives ν
∗c1(L
′) = c1(ν
∗ν∗L) = ν
∗α. Hence c1(L
′) = α, because
ν∗ : H2(X, C)→H2(X˜, C) is injective by Theorem 7. 
3.4. Integration of singular top classes. We briefly recall how integrating top
singular cohomology classes always makes sense on irreducible, compact, complex
varieties and show that it is compatible with pullbacks by bimeromorphic maps.
We will use this for our application in Section 3.5, the Hodge Riemann bilinear
relations on klt varieties.
First we consider a smooth, compact, n-dimensional, complex manifold X with
the canonical orientation given by the complex structure. Integrals over classes in
H2n(X, Z) are defined by integrating their de Rham class over X . This is a linear
map, which by Poincare´ duality is given by taking the cap product with an element
[X ] of H2n(X, Z). More precisely, [X ] is the fundamental class of X induced by
the canonical orientation of X , [GH94, page 60f].
In general, there is no de Rham isomorphism or Poincare´ duality in the singu-
lar case. However, these integrals are generalized by ensuring the existence of a
canonical fundamental class.
Lemma 9 (Existence of fundamental classes). Let X be an n-dimensional, irre-
ducible, compact, complex variety. Then H2n(X, Z) and H
2n(X, Z) are both iso-
morphic to Z and the cap product induces a perfect pairing
∩ : H2n(X, Z)×H
2n(X, Z) H0(X,Z) ∼= Z
(σ , φ) σ ∩ φ
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Proof. Recall that the underlying topological space of a complex variety admits a
triangulation that endows it with the structure of a 2n-dimensional pseudomanifold,
[GM80, 1.1]. As X is compact, only finitely many simplices are needed. Like in the
smooth case, H2n(X, Z) and H
2n(X, Z) of a closed pseudomanifold X are always
isomorphic to Z or 0, depending on the orientability of X , [ST80, 24]. Using the
complex structure on the smooth locus, all simplices can be canonically oriented
coherently, such that X is orientable. The class of the sum over all canonically
oriented 2n-simplices generates H2n(X,Z). 
Notation 10. On an n-dimensional, irreducible, compact, complex variety X we
notate the generator of H2n(X,Z) that is induced by the complex structure as [X ]
and call it the canonical fundamental class of X.
Definition 11 (Integration of top classes). Let X be an n-dimensional, irreducible,
compact, complex variety with canonical fundamental class [X ]. The integrals over
top singular cohomology classes on X are defined as follows.
H2n(X, C) H0(X,C) ∼= C
α
∫
X
α ..= [X ] ∩ α
∼
Lemma 12 (Pullbacks of integrals). If f : X→Y is a bimeromorphic morphism of
irreducible, compact, complex varieties, then
∫
Y
α =
∫
X
f∗α for all α ∈ H2n(Y, C).
Proof. Holomorphic maps induce C-linear maps between the tangent spaces. There-
fore f is compatible with the complex orientation, f∗[X ] = [Y ]. We apply the
projection formula for the cap product:∫
Y
α = [Y ] ∩ α = f∗[X ] ∩ α = [X ] ∩ f
∗α =
∫
X
f∗α. 
3.5. Hodge-Riemann bilinear relations. On an n-dimensional, compact Ka¨hler
manifold (X,ω) we have for any k ∈ {0, . . . , n} the Hodge-Riemann sesquilinear
form
ψX,ω : H
k(X, C)×Hk(X, C) C
(v , w) (−1)
k(k−1)
2 ·
∫
X v ∧ w ∧ ω
n−k
satisfying the property that for any p, q ∈ N0 with p+ q = k the form i
p−q ·ψX,ω is
positive definite on the primitive part Hp,q(X)P ..= {v ∈ H
p,q(X) | v∧ωn−k+1 = 0},
[Huy05, Proposition 3.3.15]. In other words,
∀v ∈ Hp,q(X)P \ {0} : i
p−q · ψX,ω(v, v) > 0.
These inequalities are called the Hodge-Riemann bilinear relations. The following
Lemma 13 will allow us to deduce an analogue in the singular setting. We will
apply this in Corollary 16 in the case of varieties with at most klt singularities.
Lemma 13 (Local Hodge-Riemann bilinear relations). Let (X,ω) be a smooth,
n-dimensional Ka¨hler manifold with a closed (p, q)-form α and set k ..= p + q. If
α∧ωn−k+1 = 0, then the form ip−q · (−1)k(k−1)/2 ·α∧α∧ωn−k is a positive volume
form on the subset of X where α does not vanish.
Proof. This can be checked by a calculation in local coordinates at any point x ∈ X ,
where α does not vanish, which is done in [Huy05, Corollary 1.2.36]. The case k ≤ 2,
which is actually the interesting case for us, can also be found explicitly in [GH94,
pages 124–125]. 
10 MARTIN SCHWALD
Notation 14 (Hodge-Riemann sesquilinear form). For every n-dimensional, ir-
reducible, complex projective variety X any ample class a ∈ H2(X, C) induces a
sesquilinear form ψX,a, defined by
ψX,a : H
k(X, C)×Hk(X, C) C
(α , β) (−1)
k(k−1)
2 ·
∫
X α ∪ β ∪ a
n−k.
Corollary 15 (Singular bilinear relations). Let X be an n-dimensional, irre-
ducible, complex projective variety with a resolution ν : X˜→X and an ample class
a = c1
(
OX(A)
)
∈ H2(X, C). Then the bilinear relation ip−q · ψX,a(α, α) > 0 holds
for any class α ∈ Hk(X, C) \ {0} with α ∪ an−k+1 = 0 and ν∗α ∈ Hp,q(X˜).
Proof. By Lemma 12 we have
ψX,a(α, α) = (−1)
k(k−1)
2 ·
∫
X
α ∪ α ∪ an−k
= (−1)
k(k−1)
2 ·
∫
X˜
ν∗α ∪ ν∗α ∪ (ν∗a)n−k.
As ν∗A is ample away from the exceptional locus E of ν, the class ν∗a is locally
represented by a closed (1, 1)-form that is Ka¨hler away from the exceptional locus.
By Lemma 13, the class ip−q · (−1)k(k−1)/2 · ν∗α ∪ ν∗α ∪ (ν∗a)n−k is away from E
and the vanishing locus of α locally represented by a positive volume form. Hence
for α 6= 0 it is positive on a dense open subset, so it has a positive integral. The
integral is finite by the definition of ψX,a. 
If we have only a mixed Hodge structure on Hk(X, C), the condition
ν∗α ∈ Hp,q(X˜) is not convenient. If X has at most klt singularities, we can at
least make use of the Hodge decompositions of H1(X, C) and H2(X, C) from The-
orem 7.
Corollary 16 (Bilinear relations on klt varieties). Let X be an n-dimensional,
complex projective variety with at most klt singularities and an ample class
a ∈ H2(X, C). Then the bilinear relation ip−q · ψX,a(α, α) > 0 holds for any
non-zero α with α ∪ an−k+1 = 0 that can be written as the cup-product of classes
α1, . . . , αr ∈ H
1(X, C) ∪H2(X, C).
We write p ..=
∑
pj, q ..=
∑
qj and k ..= p + q where (pj , qj) are such that the
αj lie in the H
pj ,qj (X)-part of the Hodge decompostion of H1(X, C) or H2(X, C).
Proof. If ν : X˜→X is a resolution of X , the class ν∗α lies in Hp,q(X˜). Thus
Corollary 16 follows from Corollary 15. 
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